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Ex 12.1 (An algorithm for Edelstein’s fixed point theorem)

We saw in the lecture that when (M, d) is a compact metric space and F' : M — M satisfies
d(F(z), F(y)) < d(x,y) for all z # y, then F' has a unique fixed point z € M. Show that for
any xo € M the iteratively defined sequence x,,1 = F(z,) converges to .

Solution 12.1 : It suffices to show that every subsequence contains a subsequence that
converges to the fixed point. By compactness, assume that there exists a subsequence z,,
that converges to a point z # z. Consider the real-valued sequence y,, = d(x,, x,+1). Then

Yn+1 = d<xn+17 xn+2) = d(F(l’n), F<xn+1)) < d<xn7 anrl) = Un-

Hence (y,)nen is monotone decreasing and non-negative and we conclude that there exists a
limit 4 = lim,, .+ ¥,. Hence

g - kggloo Ynp+1 = kEElOO d(‘rnk-i-l: F(xnlﬁ-l)) - kggloo d(F(Ink>,F(F(Ink)))
=d(F(2),F(F(2)) <d(z,F(2)) = lim d(z,,, F(z,,)) = lm y, =1y,

k——+o0 k——+o0

which yields a contradiction.

Ex 12.2 (Schaefer’s fixed point theorem)
Let X be a Banach space and F' : X — X be continuous such that F'(B) is compact for every
bounded set B C X. Assume further that there exists R > 0 such that

{r € X : z=\F(z) for some X € [0,1]} C Bg(0).

Show that F' has a fixed point.
Hint: Define the projection operator pr : X — Bpr(0) by pr(z) = x on Bgr(0) and pr(x) = RE=

[El
otherwise and consider the map Fr = pro F. Apply Schauder’s fixed point theorem on a suitable set.

Solution 12.2 : As suggested in the hint, we consider Fr : Bgr(0) — Bgr(0) defined by
Fr(z) = pr(F(x)). The map Fg is continuous since pr and F' are continuous. Note that

Fr(Bg(0)) is compact since the image of a precompact set under a continuous function is
precompact. ! Moreover, Br(0) is closed and convex. By Schauder’s fixed point theorem the

1. Indeed, if A C X is precompact and f : X — Y is continuous, then f(A) is compact, hence closed (this
A

is true even if Y is just a Hausdorff space). Hence f(A) C f(A). Therefore f(A) is precompact since its closure
is a closed subset of a compact subset.



map Fg has a fixed point zy € Bg(0)). We claim that z, is also a fixed point of F'. This is

immediate if || F(zo)|| < R. Assume by contradiction that || F'(z¢)|| > R. Then

0 = Pr(F(70)) R||F(£Eo)|| TF (o)l F(x0) € Br(0) N 0Bg(0),
€[0,1]

which gives a contradiction.

Ex 12.3 (Peano’s existence theorem for ODEs*)
Let (to,70) € R x R™ and consider the Cauchy problem

y'(t) = f(t,y(t), w(to) = vo.

(1)

Assume that f : [—a + tg,a + to] X Br(yo) — R™ is continuous. Show that there exists § > 0

such that the Cauchy problem (1) has a solution y : [—d + to, d + to] — R™.

Hint: Apply the Schauder fixed point theorem to the integral operator y — yo + fti) f(s,y(s))ds. Use

the Arzela—Ascoli theorem to show the compactness of the operator.

Ex 12.4 (Existence of solutions for a periodic BVP)
Let p € R\ {0} and J = [0, 7] for some T" > 0.

a) Consider the linear first order periodic boundary value problem
W)+ put) = f1), ted, u(0)=u(T),

where f € C(J). Find the Green’s function ¢(¢, s) such that

u(t) = [GF)(t) = / ot 5)f(s)ds, tel,

is a solution to this problem.
Hint: Consider the function y(t) = ettu(t).

b) Show that G: C'(J) — C(J) is continuous and maps bounded subsets of C'(J) into relati-

vely compact sets.

c) Assume that f: J x R — R is continuous and has sublinear growth, i.e.

[f(t,u)] < alt) + blul®,

where a € C(J), b > 0, and « € [0,1). Applying Schaefer’s theorem show that there exists

a solution to the following nonlinear first order periodic problem

u'(t) + pu(t) = f(tu(t), teld, u0)=u(T).

Solution 12.4 :

a) Assume that u solves the linear equation and let y(t) = e*u(t), t € J. Then y satisfies

y'(t) = et f(t) for t € J, with y(T) = e*Ty(0). Thus, integrating the differential identity

o) =0+ | e f(s)ds



and using this expression for ¢t = T together with the boundary relation we get

1 T
y(0) = T 1 /0 et f(s)ds.

In consequence

T ‘
u(t) = e My(t) = ﬁ [/t e HIH=9) f(5) ds —|—/0 e M=% f(s) ds|,

which can be succinctly written as

T 1 e—M@—$
u(t) = /0 g(t,s)f(s)ds, t € J where g(t,s) = = {

b) To analyze the operator GG, one can use the upper formula with two integrals, which have
dependence on t also in the integration limits, or the lower representation via the Green’s
function g(t, s), which has a jump discontinuity on the diagonal s = ¢ of size e *T. Here, we
proceed with the latter to illustrate that the integral operators with bounded discontinuous
kernels (at least on a null set in R?) can be still well-defined and compact.

Because g is bounded, the sup-norm ||g|l« on J x J is finite. Fix ¢, € J and for ¢ > 0 let us
denote D, = {s € J : |to — s| < e€}. Then if v € C(J), for any t € J we can write

(G (f) — [G] ()] < / lg(to,5) — g(t, 5)] ds - o]l
< (] lotto.9) =gt ds+ 2lslle) - ey

Since g is continuous on D, x (J\ D.), thus uniformly continuous, and ¢ can be made arbitrary
small, Gv € C(J). That G is continuous as an operator on C(J) follows from

1Gvllew) < N9l lvllo),

for any v € C(J). The last inequality implies also that if & C C(J) is bounded, we have
sup{||Gv||cgy : v € P} < o0,

Additionally, taking the supremum over ® in the preceding estimate we arrive at

ved ve

sup|(Gelito) ~ ()] < ( [ lotto.9)~g(t, ) s+ 2lslle) - vl

and invoking the uniform continuity of g on D, x (J \ D.) once more, we see that G(®) is
equicontinuous. By the Arzela-Ascoli theorem, G(®) has compact closure.

c) Let us denote
ur— N(u): N(u)(t) = f(t,u(t)), t €l

the nonlinear Nemytski (superposition) operator. Because f is continuous, N: C(J) — C(J)
and N maps bounded sets into bounded ones. To verify the latter statement, take any bounded
¢ C C(J) and let K = sup,¢q ||v]|c@)- Then, f is bounded on J x [—K, K], say by L, and so

INW)|lew < L, forallve ®.



According to a) and b), the nonlinear periodic problem can be equivalently written as a fixed
value problem (note that the periodic boundary is encoded in the operator G)

u=1[GoN]|u), ueC().

From the preceding, we know that F' = Go N is continuous on C'(J) and maps bounded subsets
of C(J) into relatively compact sets. It remains to establish the a priori bound on the solutions
to

u=AF(u), Xe€]0,1]. (%)
If w is the solution to (x), then for ¢t € J we have that
T T
) < [ Lot [N @] ds < gl [ la(o)] + lu(s)" ds.
0 0
Therefore, there are constants a*,b* > 0 such that
ulle < a” + b |ullé).

Taking into account that 0 < o < 1, we can conclude that there exist a constant C' > 0 such
that [|u||cy < C for any solution to (x) with A € [0, 1]. By Schaefer’s theorem we obtain the
existence of a fixed point for F.



